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Dynamics of nanoscale droplets
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Several aspects of the dynamical behavior of nanometer-sized liquid drops have been investigated using
molecular dynamics computer simulations. The liquids consist of chains of lengths 2–100 with Lennard-Jones
and nonlinear elastic interactions, comprising drops made ofO(100 000) atoms with radiusO(10 nm), placed
on an atomistic substrate. We simulate the solidification of a liquid drop on a substrate as the latter is cooled,
and observe a smooth contraction and smoothing process but no dimple formation. If instead we simulate
heating of the substrate, the drop evaporates, and we find a decrease on contact angle in the partially wetting
case, in accord with recent predictions. Last, we consider the coalescence of two such droplets, either sponta-
neously or when pushed together, to study shape evolution scaling laws and to document a rapid internal
structural reequilibration. Aside from the intrinsic novelty associated with the small scale of these systems, the
results illustrate the relation between atomic scale interactions and macroscopic continuum properties of
materials.
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I. INTRODUCTION

This paper considers several aspects of the dynamic
nanometer-sized drops of liquid, based on molecular dyn
ics ~MD! simulations@1#. Several considerations motiva
these calculations. First, nanoscale devices for practical
ids applications are beginning to appear@2#, and these can
contain correspondingly sized bodies of liquid whose pr
ence affects their behavior. Second, extensive recent ex
ence@3# shows that the physics of many macroscopic p
cesses can be correctly captured by nanoscale
calculations, so the results are likely to have a more gen
relevance. Third, we will focus on a trio of specific calcul
tions where the molecular information is either directly
interest, or else there is an issue of whether certain mat
assumptions at the continuum level are realizable in prac
Finally, the simulations presented here are illustrative
what can be achieved by MD methods in this context, a
the techniques may be of more general applicability.

We study liquids made of chain molecules in contact w
an atomic solid, in configurations corresponding to dropl
placed on a substrate, and then study either their solidifi
tion as the substrate temperature is reduced, their evapor
as the substrate is heated, or else the coalescence of two
droplets placed in near proximity. We had originally antic
pated some significant variation in behavior with the mole
lar size, and so we have considered molecular lengths of
10, and 100, usually~aside from one case! in the form of
freely jointed chains. In fact, we observe the same qualita
behavior for all of these systems. In solidification we a
motivated by suggestions in the literature concerning the
lidified droplet shape: if a solid is only partially wet by it

*Present address: Lawrence Berkeley National Laboratory, 1
clotron Road, Berkeley, CA 94720.
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own melt, it is argued@4#, and observed in one experimen
that when a sessile liquid drop solidifies by cooling of
substrate, a subdroplet or dimple will form on its top.
evaporation, the motivation is to consider contact line d
namics in the presence of heat transfer@5,6#, and, in particu-
lar, to study the change in contact angle induced by subst
heating. In coalescence, we wish to extend earlier MD st
ies @7,8# for monatomic liquids, test a scaling law for th
time dependent coalesced neck radius, and more genera
understand the subcontinuum stages of this process.
common feature of the three problems is that they be
from the same initial equilibrated configuration of a dro
resting on a solid, and make use of essentially the sa
molecular models and computer code. The process oppo
to coalescence, drop rupture, is both relevant and acces
to MD simulation, but these calculations will be the subje
of a separate paper@10# that studies the extensional deform
tion of a liquid cylinder.

In Sec. II, we review the MD methods used here, a
describe the protocol used to generate a drop in thermal e
librium on a substrate. In essence, the liquid is heated in
disordered dilute state, which is then cooled and compres
to form a drop of disordered chain liquid. The liquid
placed on a substrate and allowed to reequilibrate be
studying its response to changes in its environment. Sec
III discusses drop solidification, which is simulated in obv
ous imitation of laboratory experiment by just cooling th
substrate. We study the evolution of the drop shape, as
as that of the internal density, temperature, and pres
fields. When the substrate is heated rather than cooled
consider droplet evaporation in Sec. IV, based on the sa
initial configuration. Here, the focus is on the evolution
the liquid-vapor-solid contact angle. We then consider c
lescence in Sec. V, simulated here by simply duplicating
drop plus substrate configuration, and moving one drop
space to be adjacent to the second. The drops are eithe
lowed to coalesce freely, or else are forced together by s
strate motion. Here, we are interested in the evolution of
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coalesced shape, and the microstructural healing proce
the combined system returns to equilibrium. Conclusions
avenues for further work are presented in Sec. VI.

II. INITIALIZATION

Our MD calculations are of a relatively standard form@1#,
and consider a fluid made of atoms interacting with tw
body forces of two types, a Lennard-Jones~LJ! potential to
provide an impenetrable atomic core and chemical attrac
at larger distances, along with a finitely extensible nonlin
elastic~FENE! force to link the atoms into chain molecule
The explicit forms of the interaction potentials are

VLJ~r !54eF S r

s D 212

2S r

s D 26 G ,
VFENE~r !5

1

2
kr0

2 lnS 12
r 2

r 0
2D . ~1!

The Lennard-Jones interaction acts between any two at
separated by a distance less thanr c52.5s, and the FENE
potential @9# acts only between adjoining atoms in any o
molecule. The parameters in the FENE potential are take
be r 051.5s andk530e/s2. The solid substrate upon whic
fluid droplets rest is an fcc lattice of atoms, which also ha
a Lennard-Jones interaction of the form above, except tha
adjustable coefficient is used to modulate the strength of
r 26 attractive term between solid and liquid atoms to cont
the wettability~see below!. The solid density is 0.60s23, and
the lattice spacing is incommensurate with the minimum
the fluid potential. The integrity of the solid is maintained
tethering its atoms to fixed fcc lattice sites@11#, using the
harmonic spring potentialVsolid5

1
2 f r 2, with f 5100e/s2.

The solid atom mass is set to 100 times the fluid atom
mass, so that the the oscillation period about the poten
minimum is roughly the same for solid and fluid, and a co
mon time step may be used in integrating the equation
motion. The solid and fluid atoms are confined to a rect
gular region of space either by periodic boundary conditio
in which case the minimum-image convention@1# is used for
force evaluations, or else by soft walls, implemented wit
repulsiver 212 potential.

A molecular liquid based on the FENE and LJ potenti
~1! has been widely studied as an MD a model of polym
melts@12#. In most previous work, the 6–12 potential is c
off at a smaller value than used here,r c521/6s, which has
the computational advantage of reducing the number of
oms that are in interaction range, and speeding the calc
tion. The properties of this system are given in detail in R
@13#. This value ofr c corresponds to a purely repulsive p
tential which, while adequate for a confined material, has
disadvantage here that a fluid will expand to fill space u
formly, with no interface. Here, however, the interface
crucial, and we retain the largerr c . The properties of our
fluid have been measured in separate MD simulations,
are recorded in full in Ref.@10#, but roughly speaking for
chain lengths through 100 these are Newtonian liquids at
low strain rates relevant to this paper.
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In order that these molecular results have some conn
tion with larger-scale continuum processes, we adopt the
of thumb that the drop should have a linear size at least
times the typical size of an individual molecule, leading
initial drops that are somewhat large by MD standar
O(105) atoms. The calculations are, therefore, done in p
allel on either a T3E, an Origin-2000, or an IBM SP, using
spatial domain decomposition algorithm and messa
passing interface„MPI… routines@14#. Given the initial posi-
tions and velocities, the latter sampled from a Boltzma
distribution at the temperature of interest, the atomic po
tions evolve in time according to Newton’s equations, in
grated using the velocity Verlet algorithm with time ste
0.005t, wheret5Ae/ms2 and m is the atomic mass.~The
Verlet algorithm for differential equations is advantageo
for parallel computations because it involves only positio
and velocities, so that it minimizes the amount of data s
age and interprocessor transfer.! The substrate temperature
maintained at its prescribed value at all times, and the fl
temperature during the preparation stages only, using c
stant kinetic energy rescaling. More physical methods
available, but since the thermostatting is applied to the liq
only during the initialization stage, the simplest procedu
suffices. Further discussion of MD calculations along the
lines may be found in Ref.@3#.

In the remainder of this paper, and, in particular, in
figures, when dimensions are not given we are implici
using ‘‘MD units’’ wheres is the unit of length,t is the unit
of time, ande the unit of energy. Typical numerical value
might bes;3 Å, t;1 ps, ande;100kB .

The liquid atoms are placed initially in a spatial arrang
ment convenient for book keeping, with 125 500 atom
grouped into chains of length 100, and 108 000 atoms
chains of length 10, or 32 000 atoms in dimer molecul
occupying adjoining sites on a fcc lattice of density 0.8 fi
ing half the volume of a cube. The walls are impermeab
based on the repulsive potential described above. In the
stage of the calculation the positions are randomized
‘‘cooking’’: the system is run at a relatively high temperatu
~3.0! and low density~0.4! until the time-averaged spatia
density of atoms is uniform, the probability distribution o
molecular sizes reaches a steady state, and the proba
distribution of molecular orientations is rotationally invar
ant. The measure of molecular size used here is the radiu
gyration, and the orientational measures are the angles
tween a molecule’s end-to-end vector and two of the coo
nate axes.~More refined measures of orientation may be d
fined using the eigenvectors of a molecule’s inertia tens
but for our purposes there is little qualitative difference@15#.!

Once the high temperature fluid reaches a statistic
stable disordered state, the temperature is gradually low
to a value in the liquid-gas coexistence region for the den
at hand~1.0 or 1.5, for lengths up to 10 and 100, respe
tively!. At the same time, a weak central force is applied
each atom,Fi52kc(r i2r c), wherekc50.1 andr c the box
center, to force the fluid to condense into a single spher
drop in the middle of the box. Once the squeezed d
reaches a stable radius, the central force is gradually
leased, and the liquid relaxes to an equilibrated spher
drop. In general, there can be vapor present as well, whic
4-2
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DYNAMICS OF NANOSCALE DROPLETS PHYSICAL REVIEW E65 021504
evident for smaller chain lengths, but the longer chain s
tems tend to have so little volatility that it is rare to see
vapor molecule in simulations at this temperature and d
size.

The final stage of ‘‘sample preparation’’ is to generate
suitable liquid drop sitting on a solid surface. We ta
slightly more than the upper half of the spherical drop g
erated as described above, and rigidly translate all of
atoms therein to new positions such that a near hemisp
of liquid sits just above a solid substrate. The remain
liquid atoms that constituted the lower part of the drop
eliminated from the calculation; more precisely, we co
pletely delete any molecule in the drop, which contains
atom below a reference plane just below the sphere ce
The resulting semidrops contain 70 000, 58 520, and 16
atoms, respectively, for chain lengths 100, 10, and 2. T
solid substrate consists of a layer of fcc cells contain
16 384 solid atoms in a square of side 100s, which has been
equilibrated separately from the liquid, which is then e
posed to the 111 face. This system is allowed to reequilib
at the same temperature before beginning one of the num
cal experiments below. During this stage, the drop com
closer to the solid as the molecules near the bottom are
tracted to those of the solid, and the shape of the drop ad
to give the appropriate contact angle and spherical-
shape. The reequilibration continues until the drop shape
local density field stabilize, a duration of 1000 and 150t for
chain lengths 10, 100, and 2, respectively. In the solid-liq
Lennard-Jones interaction, the coefficient of ther 26 term is
reduced from 1 to 0.8, which in previous drop simulatio
@16# gave partially wetting liquids, and, indeed, we s
stable, static drops with this choice of interaction.

III. SOLIDIFICATION

Our first application concerns the finalshapeof a droplet
of liquid that solidifies when placed on a cold substrate. S
cifically, we wish to test the suggestion of Anderson, W
ster, and Davis@4# concerning the solidification dynamics o
sessile liquid drops that solidify upwards from their base
heat escapes downward through the substrate. These au
argue that when the material has the property that its s
phase is only partially wetted by its own melt, such a drop
will solidify with a dimple on top. These authors prese
quantitative arguments for the suggestion, based on ex
nation of the contact angle statics and dynamics of the
tem, but the idea can be understood by considering the in
mediate stages where the drop has solidified only up t
certain height with a spherical cap of liquid remaining
top. If, in fact, the liquid only partially wets its own solid
one expects a change in slope at the transition height bec
the solid-melt contact angle required by capillarity~balanc-
ing of the various surface tension forces! need not agree with
the slope that the solidified region has developed at that p
~the result of heat and mass transfer and compressibility c
siderations!. In fact, if the drop were to remain a spheric
cap, the latter slope would decrease smoothly to zero
proaching the top, so the mismatch in slope can grow as
solidification front moves upwards, and eventually the
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would be a small liquid drop sitting atop a solidified bas
which could be small enough to solidifyin situ before it can
adjust its shape any further.

In this scenario, the principal uncertainty is whether a
real liquid has the property that it does not wet its own so
A related and well-known material property is that of aut
phobicity @17#, the inability of certain fluids to spread o
their own absorbed films on certain substrates. The origin
this behavior is the loss of configurational entropy due to
restrictions on the molecular configurations resulting fro
pinning of molecules by the solid, and is observed, for e
ample, for polar liquids on high energy surfaces and for e
grafted polymers. In the case of solidification there is
obvious counterpart to this pinning mechanism, howev
The original paper@4# gives experimental verification using
water drop on an aluminum substrate. Now large-scale M
simulations of water are difficult because a long-ranged C
lomb potential is involved, which leads to computation tim
varying as the square of the number of atoms present. F
sible MD calculations with Coulombic forces typically in
volve only O(103) atoms, and in such small drops it is di
ficult to distinguish atomic scale fluctuations from ‘‘bulk
shape changes. The short-ranged potentials used here
to uncharged but polarizable molecules, which are som
times used to mimic water by varying the coefficients. In t
absence of any outside guidance, we have resorted to
and error, and performed solidification simulations with
variety of different liquids. One of the advantages of M
simulations, and a reason for addressing the question in
way, is that we are able to vary the microscopic structure
a controlled way to see if and how the solidification dyna
ics differ. In contrast in a continuum calculation the requir
wetting properties would be~mathematically! assumed. A
second motivation is that the argument for dimples, at le
as presented above, suggest that they could be small
difficult to observe in an experiment, whereas these simu
tions resolve individual atoms.

Aside from examining the droplet shape, we can a
study other relevant quantities such as the internal temp
ture and density fields, and the individual or averaged ato
displacements under cooling. There is some relevance in
ing so for nanometer-sized droplets, since there are ques
about how well such systems are described by bulk ther
dynamics. It is known, for example, that for droplets in t
100-atoms size range there is a finite range of temperat
where liquid and solid coexist, rather than the single te
perature found in the thermodynamic limit@18#. A further
question is whether different~simple! molecular models give
different behavior; we have considered homogeneous
tems made of freely jointed chain molecules of lengths 2,
and 100, and a 50-50 mixture of chains of lengths 2 and
We also considered a nematiclike liquid made of semiri
chains of length 4, with an additional bond-bending intera
tion VBB5(1/2)kBB cos(u2u0)

2, where u is the angle be-
tween adjacent ‘‘bonds’’ in a molecule~the vectors joining
the centers of adjacent atoms!, andu0 the preferred value.

Our results are that for all systems tested, a liquid d
solidifies into a spherical cap, with no dimple. It is possib
that we simply failed to examine the right material, but
4-3
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JOEL KOPLIK, SOMNATH PAL, AND JAYANTH R. BANAVAR PHYSICAL REVIEW E65 021504
least within the spectrum covered there is nothing unus
about shapes in solidification. In fact even the quantitat
results have essentially the same features, so we focus on
case—chains of length 100. The cooling protocol is that a
the equilibration described above, the substrate tempera
was set to a fixed low value~0.1 for chain lengths up to 10
and 0.15 for length 100, one-tenth of the respective liq
values during equilibration! and the liquid was allowed to
evolve freely. Figure 1 shows the drop just before cool
begins, at an intermediate stage, and in the final state o
simulation at an average temperature 0.21: the bound
smoothens while the entire drop contracts, and no dim
forms. These figures are three-dimensional views of all of
atoms in the simulation, as seen from a long distance.
substrate atoms are shown as1signs, and the molecules ar
represented as the set of straight line segments joining
successive molecules in each chain. Because of the l
number of lines and the finite resolution in the figure, t
bulk of the drop appears as a smoothly filled region, as
from a few small gaps. Although the interior positions of t
atoms are poorly resolved in this plotting format, the ou
boundary of the drop and the shape evolution are quite c

In this case of chain molecules the solidified structure
amorphous, but in Fig. 2, we show a contrasting exam
with local crystalline order in a different material—a dim
molecule system, at time 3500t, when the average tempera
ture has dropped to 0.281. In this case the molecules
small enough to settle into position in register with the su
strate lattice, whereas the longer molecules are unable t
so. The latter amorphous solidification behavior is seen in
other examples we have studied, length-10 chains
length-4 nematics. Returning to the length-100 chains,
time decay of the average temperature is given in Fig. 3~a!,
roughly an exponential decay after a transient~more pre-

FIG. 1. Snapshots of a solidifying drop of length-100 cha
molecules at times~a! 0, ~b! 1500, and~c! 6000t.
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cisely, a superposition of exponentials is expected!. The av-
erage pressure and density within the drop rise as temp
ture falls, and these quantities are plotted in Figs. 3~b! and
3~c!, respectively. The pressure is obtained from the stand
virial expression@1#, with the boundary regions excluded a
described in the next paragraph. Again, the other molec
systems show the same qualitative behavior.

To obtain the local fields, the system box is first divid
into slabs of equal thickness (1s), and at each time step an
within each slab, the drop’s center of mass is located
used as an origin of polar coordinates. Concentric disks
equal radial spacing are used as sampling bins to accum
density, temperature, and stress, etc. An average of
binned quantities is taken at 50t intervals, and stored. Fully
three-dimensional binning is possible, but previous exp
ence indicates that in this case the samples are too smal
the results too~statistically! noisy to be useful@19#. When
the binned data is examined directly, we observe a ra
variation near the edge of the drop, and otherwise densit
constant while stress, temperature and mean-square disp
ment vary systematically with height (y). A temperature ex-
ample at time 1500 is given in Fig. 4. Although the consta
T contours meander a bit, the most significant variation
with height, so we average over the other directions, reta
ing those bins where the density exceeds a lower cutof
0.1. ~The thick lines at the edges of the drop in this figu
reflect the fact that the temperature changes rapidly there
zero value outside the drop.! The resulting local temperatur
field within the drop is approximately a function only o
height off the substrate, and is shown at successive time
Fig. 5~a!. As an alternative to temperature, we also cons
ered the variation of the average atomic displacements w
time, evaluated by the same method as for temperature
be precise, we measure the mean-square atomic displace
over a 50t time interval for atoms in a slab of thicknesss
centered at a particular value ofy, ^R2(y)&. This quantity,
shown in Fig. 5~b!, behaves similarly to the temperature—
weak variation with height at any fixed time, with substant
fluctuations near the edge of the drop where the molec
are unconstrained on one side, and a gradual decay with
and global temperature. Note, in particular, that at late tim
the typical atomic displacements are negligibly small, wh
allows us to conclude that the material has solidified.

Note that the value ofy at which each curve terminate
decreases systematically for times up to about 3500t, as the
drop contracts under cooling, but that there is no signific
height variation at later times. Similarly, the mean-squ
displacements are quite small after this time. One might t
say that the drop has ‘‘solidified’’ at this point, at temperatu

FIG. 2. Snapshot of a solidified drop of dimer molecules at ti
3500t and temperature 0.281.
4-4
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DYNAMICS OF NANOSCALE DROPLETS PHYSICAL REVIEW E65 021504
around 0.49. In calculations of solidification in a variant m
lecular model with the Lennard-Jones interaction is cut of
21/6 @20#, a more liquidlike behavior is observed at this tem
perature, but the absence of the attractive potential tail
mits more freedom in the atomic motion, other thing bei
equal, and one would expect a lower freezing temperatur
that case.

The molecular structure, as measured by geometr
quantities such as the distribution of radii of gyration or m

FIG. 3. Time variation of the average values of~a! temperature,
~b! density, and~c! pressure, for the solidifying drop of length-10
chains shown in Fig. 1.
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lecular orientation angles, shows no interesting system
variation either with height off the substrate or with tim
The one exception to this statement is the tendency of m
ecules close to the substrate to orient parallel to it, an ob
ous packing effect. Presumably the drop solidifies on a ti
scale short compared to that required for molecular re
rangements, and the initial uniformity of the molecular o
entations is preserved in the bulk. A question we are not a
to explore easily is the effect of cooling rate: the substr
temperature is already quite low, and still smaller valu
would not likely make any significant difference, but it
possible that the behavior of solidifying drops would differ
much lower cooling rates,~corresponding to extremely
lengthy MD simulations! where there is more time for th
internal structure of the liquid to vary. Likewise, in this vei
it is conceivable that dimple formation is a very slow proce
on molecular time scales, whereas our simulations use
relatively rapid cooling protocol that could conceivably ha
frozen the molecules in place before a dimple could evol
We regard this explanation as unlikely, since previous M
simulations of wetting phenomena on time scales similar
those studied here do not observe such clear shape dis
ancies, but cannot rule it out.

IV. EVAPORATION

It is just as easy a simulation to heat the solid to stu
evaporation as it is to cool it for solidification. Specific m
tivation arises from recent studies of contact line dynamics
the presence of heat flow, in one case focused on a hot d

FIG. 4. Temperature field in a solidifying drop of length-10
chains at time 1500t. The horizontal and vertical axes are radi
and height, respectively, and the curves are contours of cons
temperature, at intervals of 0.025. The heavy lines represent
drop boundary, where there is a rapid temperature variation.
outer boundary appears jagged rather than smooth, because i
taining this figure low density regions are arbitrarily set toT50.
4-5
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JOEL KOPLIK, SOMNATH PAL, AND JAYANTH R. BANAVAR PHYSICAL REVIEW E65 021504
let that spreads on a cooled substrate and so simultaneo
tries to solidify and expand@6#, and secondly a prediction fo
the change in contact angle as a thin droplet evaporates@5#.
The spreading problem requires a sophisticated analy
since one expects that there will be regions exhibiting cl
solidlike and fluidlike behaviors, plus~at the molecular scale
at least! a transition zone of ‘‘mushy’’ material. Furthermor
in the most obvious modeling, one has to deal with cont
line singularities in both the shear stress and the heat flux
the second problem, it is argued that under evaporation
contact angle willdecrease, a somewhat counterintuitive be
havior as one might argue naively that the thinner region
the edge of the drop will heat up first and evaporate m
rapidly, producing instead a larger contact angle. Here
focus on this simpler case, since it is straightforward to id
tify variations in contact angle, and leave the more diffic
spreading problems for future work.

We consider one of the same initial drops as above, c
taining 58 520 atoms in length-10 chains, initially with bo

FIG. 5. Relaxation profiles in a solidifying drop of length-10
chains at times 0, 500, 1000, . . . ,6000t ~top to bottom!: ~a!
temperature, and~b! mean-square atomic displacement, as a fu
tion of heighty above the substrate. The temperature and displa
ment are set to zero where the density falls below 0.1, so the fi
also indicates the contraction of the drop upon cooling.
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drop and substrate atT51.2, but with the solid-liquid inter-
action strength increased to 0.95. The reason for the la
modification is that the analysis motivating this calculati
in Ref. @5# assumes a small contact angle, to justify use
the lubrication approximation. Here, however, a drop with
small contact angle in a system of modest size has muc
its mass contained in a broad submacroscopic edge of on
few molecules thickness, which evaporates immediately.
assume that the key feature is partial as opposed to com
wettability, and compromise on a finite initial contact ang
of about 45 °, that require an enhanced solid-liquid inter
tion strength above the previous value 0.8 that gave a con
angle close to 90 °. After 500t of further equilibration after
resetting the temperature and interactions, the previous d
spreads slightly and then stops, with the overall shape
shown in Fig. 6~a! ~in the same format as the previous se
tion!. The substrate temperature is then abruptly raised
2.0, while a second cold solid boundary at the top of
simulation region collects the evaporated molecules by c
densation.

The simulation proceeds as shown in the remainder
Fig. 6. Initially the system has little vapor, but as the dr
heats up, more and more is produced, to the point where
distinction between liquid and vapor is obscured. The vi
alization format used in Fig. 6 is awkward in this conte
since the three-dimensional information on atomic positio

-
e-
re

FIG. 6. Snapshots of a partially-wetting evaporating droplet
times ~a! 0 ~after equilibration, just before the substrate is heate!,
~b! 2500,~c! 5500, and~d! 8500t.
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DYNAMICS OF NANOSCALE DROPLETS PHYSICAL REVIEW E65 021504
is unclear, but liquid and solid may be clearly distinguish
in the density contours of Fig. 7. To obtain the latter figur
the atomic positions are cylindrically binned and averag
over a 25t time interval, and lines of constant density as
function of the radial and vertical coordinates are plott
with regions of density below 0.1 ignored. The contact an

FIG. 7. Contour plots of fluid density during evaporation,
one-to-one correspondence with the snapshots in Fig. 6. The de
0.5 contour is so labeled, and the others are at intervals of 0.1s23;
the tick marks on the axes are spaced by 1s.
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is identified as that made by the group of parallel contour
the edge of the drop with the horizontal, and we see that
value decreases to about 30 °, just the trend predicted by@5#.
Eventually, the drop is reduced to a thin pancake and eva
rates completely to form a uniform fluid phase in the sim
lation region, but there is an interval of about 5000t ~roughly
from times 3500 to 8500! where the contact angle stabilize
at the reduced value. Another notable feature of the den
contours is the thickening of the interfacial region where
density drops from its central value to the nominal ed
value 0.1. This thickening is present but much reduced on
base of the drop, which remains in close contact with
heated substrate in this case.

Further time-dependent characterization of the drop
havior is given in Fig. 8. We~arbitrarily! define the liquid
drop as the region where the density exceeds 0.1, and a
age over it. The average temperature@8~a!# rises to the sub-
strate value and fluctuates around it slightly, while the int
nal temperature field is similar to that in the solidificatio
case, approximately constant within the drop, aside from
weak decrease in the vertical direction. The average den
in the drop@8~b!# decreases systematically with time, whi
the average pressure@8~c!# drops initially and then fluctuate
about a reduced value. The height of the drop fluctua
about the unheated value roughly until time 2000, and th
decreases as the drop forms a pancake and evaporates
pletely.

We have also simulated the heating of two other syste
in a liquid made of length-100 chains, we see simi
results—a decrease of contact angle accompanying
evaporation, while in the case of dimer molecules, the s
tem becomes so volatile on heating that it is difficult to ide
tify a contact angle at all. Although we are not in the para
eter range for a detailed quantitative comparison, the tr
observed here ofdecreaseof contact angle on heating sup
ports the analytic arguments in Ref.@5#.

V. COALESCENCE

The coalescence of liquid interfaces is a ubiquitous p
cess in nature, whose microscopic aspects are infreque
studied. There is extensive recent work on the continu
asymptotics of the reverse process, interface rupture@21#,
which has been extended, in part, to study the dynamic
two drops that have recently contacted each other, and w
have merged over distances ‘‘large’’ compared to molecu
sizes@22#. Here, the size of the merger region must begin
lengths large enough for a continuum analysis to apply,
extend far enough outwards for scaling arguments to be
plicable. The only calculations that consider the merger p
cess itself are two MD studies of drops of monatom
Lennard-Jones liquid, a rather volatile material with subst
tial coexisting vapor in equilibrium, and a very diffus
liquid-vapor interface. In one case@7#, the interface was
sharpened by placing the drops in an immiscible backgro
fluid, and the drops were made to coalesce by subjecting
background fluid to a shear flow.~Without flow, coalescence
is prevented by lubrication forces arising from the bac
ground liquid film between the drops.! A second monatomic

ity
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JOEL KOPLIK, SOMNATH PAL, AND JAYANTH R. BANAVAR PHYSICAL REVIEW E65 021504
drop calculation considered a drop placed near a bath of
same liquid, with only vapor present@8#. This case addresse
a different issue, whether relative motion would suppr
coalescence, and the fact that vapor obscured the fine s
ture of the coalescence process was not relevant. Here
wish to consider coalescence of drops of a single liquid w

FIG. 8. Time dependence of~a! average temperature,~b! aver-
age density, and~c! average pressure. The substrate and drop
equilibrated atT51.2 for 300t, whereupon the substrate temper
ture is raised to 2.0. The criterion distinguishing the~liquid! region
from its vapor is a density cutoff of 0.1s23.
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little or no vapor and no extraneous background mate
present. Both free and forced coalescence are conside
using molecular liquid in the form of FENE chains of var
ous lengths. Aside from investigating the molecular moti
associated with coalescence, we study the ‘‘healing’’ of
merged liquid—the return of its internal structure in the jun
tion region to its original state.

We will present a detailed discussion and results for o
case, chain molecules of length 10, and then compare
behavior of other lengths. We begin with a previous config
ration of a partially wetting drop on a substrate, with 58 2
fluid atoms at temperature 1.0, and replicate both drop
substrate to give the configuration shown in Fig. 9~a!. The
replication procedure consists of taking a copy of the origi
system~i.e., the set of atomic positions and velocities!, and
modifying the velocities by adding a uniformly distribute
random number in the interval@2v th/2,1v th/2# to each
component of each fluid atom’s velocity.~Here, uth

[AkBT/m is the thermal velocity in each spatial direction!.
The replicated system is then evolved in time, with a th
mostat applied, until it returns to equilibrium, as evidenc
by a Boltzmann velocity distribution and a stable drop sha
It is then translated and flipped over (zi→zmax2zi and vzi
→2vzi for all atomsi ), with the new position of the repli-
cate chosen so that its atoms are just within range of
potential of the first drop, a minimum atomic separation
2s, and for free coalescence the two-drop system is sim
allowed to evolve. For forced coalescence at relative velo
v0, motion of the substrates is used to drive the drops
gether. In this case all atomicz velocities in the upper/lower
drop are initially shifted by7v0/2, and the drops are allowe
to evolve while the substrate tether positions continue
move at these velocities.

A sequence of snapshots of the two-drop system is sh
in Fig. 9, indicating a smooth final shape by time 2000t, in
the nanosecond range. The figure is a three-dimensional v
of all atoms in the liquid, viewed from a distance, in esse
tially the same format at Fig. 1. In this case, all molecu
originally in the lower drop are plotted first, then those orig
nating from the upper drop are drawn at a darker gray le
and superposed on the previous ones if necessary. The re
ing figure gives first the outline of the entire drop, and se
ond the part of the drop occupied by the upper fluid as
darker region. We see a significant amount of interpene
tion of the two original drop molecules, and this mixing ca
be quantified by giving the separate density profiles of
atoms of the two drops as a function of vertical position (y).
The result, Fig. 10, indicates a rather generic quasi-o
dimensional mixing process: reading from left to right in Fi
10~a! at time 250, for example, the curve initially follows th
hemispherical outer boundary of the lower drop, then int
sects the upper drop aty'33, whereupon it steepens in th
central mixing region, and finally decays smoothly to ze
At the later time 1000t in Fig. 10~b!, the outer boundary of
the merged two-drop system is closer to conical~cf., Fig. 9!,
while the mixing region has broadened. Aside from the ou
drop boundaries, each profile resembles the standard e
function solution of the diffusion equation. The more surpr
ing feature is relaxation of the merger region to the p

re
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FIG. 9. Coalescence of two liquid drops of length-10 molecules at times~a! 50, ~b! 100, ~c! 150, ~d! 250, ~e! 500, and~f! 2000t.
Molecular positions in the upper drop are overlaid on those in the lower drop, to indicate the degree of mixing.
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merger behavior. Figure 11 shows the profiles of total den
and mean-square displacement~over a 50t interval!. The
density has an initial dip in the center, associated with
gap between the original drops, which fills in after 200t to
give a uniform profile roughly at the same value as bef
merger. The displacements are initially unusually large in
central region, because the atoms there are free to move
the gap, and this peak grows to a maximum as molecules
drawn from one drop to another. Again, by time 300t, the
peak is gone and the displacements are uniform across
merged-drop system.

With regard to the shape of the merged-drop system, n
that the contact angle the liquid makes with the solid has
quite reached the value before merger, indicating that
liquid has not yet reached hydrostatic equilibrium. Note a
that the four contact angles visible in the premerger snap
are slightly different, a small-system statistical fluctuati
property often observed in MD simulations. Snapshots at
termediate times not displayed here likewise show that
boundary of the merged liquid is still moving at time 200
In fact, one would normally expect some sloshing moti
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subsequent to drop merger, so this behavior is expected
In Ref. @22#, continuum arguments are presented that

~minimum! radius of the neck of the coalescing two-dro
system would vary with time asr m;t ln t, and that the width
of the gap would vary asr m

3 . To test these results, we dete
mine the neck radius by examining density contours, a
using the minimum radius of the contour corresponding
half the bulk density. The time variation of neck radius
shown in Fig. 12, for homogeneous liquids of chain leng
2, 10, and 100. The length-2 chains merge very rapidly co
pared to the other cases, partly because the initial drops w
smaller by a factor of about 2, and also because this liqui
quite volatile while the longer chains are not. In all cases
behavior of the neck radius does not agree with theory. O
reason for disagreement is that the neck is perhaps no
thick enough to be described by the Navier-Stokes equat
at short times. A second source of discrepancy is that
drops are quite small and at later times the neck size is
far from the drop size, so that the later behavior is affec
by volume conservation constraints, whereas the analys
Ref. @22# assumes that the original drops are large enoug
4-9
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become spherical away from the coalescence region. A t
difficulty is that, remarkably, the two polymeric liquid
merge at essentially the same rate despite having diffe
properties, including a viscosity ratio of 2. This observati
suggests that the merger process here is not dominate
viscosity. The width of the gap is not straightforward to co
pare with theory, since it is defined as the width where
high curvature merger region matches onto asymptotic
straight sections, and it is difficult to identify such a locati
in the results here. If we use the distance between the u
and lower points of inflection of the same half-bulk-dens
contour as above, we find that the gap increases with ti
but do not observe any simple power law behavior.

In Fig. 13, we zoom in on the gap region between
drops during the initial stages of coalescence, showing
interpenetration of the individual molecules. We see a me
mechanism similar to that found for monatomic liquids
Ref. @7#: atoms in molecules near the surface occasion
fluctuate out of the drop and eventually atoms from the t
respective drops fluctuate to within interaction range and
tract each other. As they move together they draw their
spective molecules along with themselves, and these, in t
draw their neighboring molecules outward. The process c
cades as more and more molecules of one drop are dr
towards the other, and a tendril of liquid forms joining th

FIG. 10. Number of atoms of each~original! drop as a function
of height in Fig. 7 at times~a! 250 and~b! 1000t.
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FIG. 11. Profile of~a! atomic density and~b! mean-square dis-
placement as a function of height for the coalescence sequen
Fig. 7. The different curves refer to times 50~—!, 100 ~– –!, 150
~- -!, 200 (• •), 250 (• •), and 300t (2•2).

FIG. 12. Neck radius of coalescing drops as a function of ti
for chain lengths~1! 2, (3) 10, and~o! 100.
4-10



tio
n

t o
ir
t

r

e
id
00
sec-
ex-

inor
cal
air
ri-
ned,

but
ial

ents
ra-
en a
l to
ules

in

s

io

xt,
and

DYNAMICS OF NANOSCALE DROPLETS PHYSICAL REVIEW E65 021504
two drops, and as the tendril thickens the drops merge.
The previous plots show that as far as single-atom mo

is concerned, the merger region heals after coalesce
within sub-nanosecond time intervals. A more subtle tes
atomic equilibration is the spatial correlation between pa
of atoms, and to analyze this question we have computed
pair distribution function@26# at various points. We conside
all atoms within a test sphere of radius 10s and compute the

FIG. 13. Snapshots of the merger region of two coalesc
length-10 droplets, shown in full in Fig. 7, at times~a! 70, ~b! 75,
~c! 80, ~d! 85, ~e! 90, and~f! 95t. In each frame, only those atom
occupying a slab in the merger region of thickness 5s are shown,
those in the upper drop as (3), and those in the lower drop as~o!,
and if two adjacent atoms in the same molecule are in this reg
the bond between their centers is shown as well.
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probability that a second atom is at a given separationr,
averaged over a 25t time interval. The result for length-10
chains is shown in Fig. 14~a!, where we actually superpos
four different cases—test spheres in the lower bulk liqu
and in the coalescence region, each at times 300 and 20t.
The curve shows a split nearest neighbor and clear first,
ond, and third next-nearest-neighbor peaks, as would be
pected in a condensed liquid. The same result, up to m
statistical fluctuations, is obtained in the original spheri
free-floating drop as well, and represents the equilibrium p
distribution. There is no significant variation in these dist
butions, and as far as two-atoms correlations are concer
the system has healed by time 300t. If we consider length-
100 molecular chains, the result in Fig. 14~b! shows less
structure in that only two secondary peaks are evident,
again there is no significant variation with time or spat
region with the two-drop system.

We have also considered further structural measurem
of the internal configurations—the molecular radius of gy
tion and orientation, the latter defined as the angle betwe
molecule’s end-to-end vector and the vertical axis norma
the substrate joining the drop centers. Sorting the molec

g

n,

FIG. 14. Radial distribution functions in coalesced drops:~a!
length-10 chains and~b! length-100 chains. As discussed in the te
each plot contains four separate curves taken at different times
locations, which show no significant variation.
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JOEL KOPLIK, SOMNATH PAL, AND JAYANTH R. BANAVAR PHYSICAL REVIEW E65 021504
according to positiony along the vertical, Figs. 15~a! and
15~b! give the mean radius of gyration and mean cosine
the orientation angleu for length-10 chains at the same tw
times as above, again based on 25t averages. We see that th
values are fairly constant within the original bulk region
both as a function of time and as a function of position,
this system has healed completely within 300t after merger.
~Note that vectors randomly oriented between 0 and 9
have^cosu&51/2, as seen here, and that the angles are lik
to be larger at the top and bottom edges of the merged d
because those molecules will tend to align parallel to
substrates.! The molecular end-to-end separation, an alter
tive length measurement, is found to have the same trend
the radius of gyration; with a mean value of 3.4. In the ca
of length-100 chains, Figs. 16~a,b!, the results are noisie
because there are about ten times fewer molecules in
statistical sample. The radius of gyration has no statistic
significant variation, but in the merger region (y;40–45! at
time 300t there is a significant dip in the orientation plot: th
molecules there have smaller cosines and larger orienta
angles with respect to the axis. The latter effect results fr
molecules partially sticking out of the bulk, whose atoms
relatively free to move parallel to the surface, and who

FIG. 15. Molecular relaxation after coalescence of length
chains as a function of height:~a! radius of gyration and~b! cosine
of the orientation angle. The solid and dashed curves refer to ti
300 and 2000t, respectively.
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ends are most likely to be attracted back towards their o
drop. The net orientation of such molecules would be som
what more likely to be horizontal. During coalescence, ato
in such molecules will be attracted to atoms in the other d
at random transverse positions, tending to pin such m
ecules with a horizontal bias. The orientation persists u
somewhat long times, compared for that needed for mole
lar lengths and atomic densities and displacements to rela
bulk values. The physical mechanism here is that in order
the orientation angles to relax, entire molecules must m
with respect to each other. For long entangled chains@23#,
the relevant mechanism is reptation@24#, and rather slow
compared to simple atomic diffusion in a liquid.

The standard assumption in applying thermodynamic
sults to flowing fluid is that the system is in a state of loc
thermodynamic equilibrium, meaning that the configurati
of the molecules in a subregion has an equilibrium proba
ity distribution about the local mean velocity. In the system
considered here, the first test of this assumption is whe
the kinetic energy in a subregion has a Boltzmann distri
tion about the local mean. We observe this behavior~we omit
a display of the evidence—see Ref.@25# for a related ex-
ample!. A more stringent test is whether the spatial distrib
tion agrees with that of an equilibrium system, and we o
serve above that while the pair distribution function a

0

es

FIG. 16. Molecular relaxation of length-100 chains, in the sa
format as Fig. 15.
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various characterizations of molecular shape and orienta
show no deviations in the coalescence region, there is a d
in the orientational relaxation. If one were to model the co
lescence calculation reported here at the continuum level
use of equilibrium values for the transport coefficients a
pears to be almost justified. For the much longer ch
lengths of common polymers, the molecular relaxation tim
are much longer, and there may be a problem. Unfortuna
we do not have the computational resources to address
question quantitatively.

We have also measured continuum flow fields—the vel
ity and stress tensor. The former just indicates the obvi
behavior corresponding to evolution of boundary sha
aside from fluctuations, the only significant flow is confin
to the central part of the two-drop system, and simply sho
fluid converging towards the merger region. The fluid pr
sure is largest near the solid substrate, and slightly enha
in the merger region. The shear stress is small and no
with a small signal in the coalescence region resulting fr
the convergent flow described above. In no case, is th
anything resembling a sharp peak, let alone a vestige of
gular behavior.

In these simulations, drops have been allowed to coale
spontaneously, as a result of attractive molecular interact
when the drops are nearby. We now consider forced coa
cence, when the two drops are driven together. In Fig. 17,
show a sequence of snapshots of the same system
length-10 chains, when the two solid substrates are mo
towards each other at velocities60.1. In physical units, the
relative velocity is about 30 m/s. Here, the gap width d
creases steadily, forcing the liquid outward. There is aga
mixing process occurring in the overlap region, with err

FIG. 17. Snapshots of forced coalescence of length-10 drop
the upper and lower solid plates are moved together at veloc
60.1s/t: times ~a! 50, ~b! 150, and~c! 235t.
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function like profiles similar to those shown on Fig. 10; Th
overall density resembles Fig. 11, an initial dip as the t
drops coalesce, which fills in by time 150 to an appro
mately uniform value—the squeezing is slow enough for
liquid to distort without significant density change.~The
mean-square displacements here are not directly compar
because there is a bulk motion as the drops are squee!
The molecular characteristics are affected by the squee
however: while the molecular lengths show no significa
variation with position, and a weak tendency to be elonga
by the extensional flow, the molecules are strongly orien
horizontally by this same effect. In this case, there is
distinct behavior in the merger region, since the strong d
tortion of the entire merged-drop system is the principal
fect. Finally, on examining the pair distribution functions
various times in the merger region, the center of the g
there is some smoothing ofg(r )—the number and strengt
of the significant secondary peaks decreases everywhe
the liquid as the merged drop is distorted, indicating a loss
equilibrium structure, which, in contrast, is not seen in fr
coalescence. We have also considered forced coalescen
a higher speeds, wall velocities60.5s/t as well as the same
process with length-100 chains: the qualitative features
similar to the case described above.

VI. CONCLUSIONS

We have shown how MD simulations of nanometer-siz
liquid drops may be used to study questions of mass
thermal transport, in the subcontinuum regime where exp
ments are difficult and theoretical methods uncertain. T
procedure used is to generate equilibrated drops of var
molecular liquids, which may then be subjected to differe
forms of external forcing, which correspond to suitable lab
ratory experiments. From the calculation, one may determ
the evolution of both external shapes and bulk motion,
well as the internal structure of the liquid. In addition, o
may examine the details of the return to equilibrium after
forcing ceases.

The simulations of cooling of a drop on a substrate p
duced physically reasonable results, but unfortunately not
dimple formation that was hoped for. We were constrained
these simulations by computational capacity, and were
able to consider Coulombic interactions and the hydrog
bonding of real water, nor examine a complete range of co
ing rates. In evaporation, the simulations gave behavio
agreement with a theoretical prediction for partially wetti
drops, but we did not explore the parameter range neede
obtain a full understanding of thermal effects in contact li
dynamics. Studies of thermal effects on the dynamics
drops of nonpolar liquids are probably possible now, give
bit more patience and computational resources, but the
namics of water at these length and time scales constit
more of a challenge.

In coalescence, we have extended earlier studies to
sider more realistic molecular systems and different envir
ments for the process. One result is that the microsco
mechanism first observed for a monatomic liquid holds m
generally: coalescence begins when a thermal fluctuation
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lows molecules of one drop to approach those of the sec
drop closely enough to interact, whereupon these molec
are pulled towards each other and in turn draws out o
molecules from its own respective drop into interaction w
those of the other drop. At early stages this mechanism
duces a tendril of molecules connecting the original drops
the absence of other constraints, molecules of each drop
steadily pulled into the mutual interaction region, and t
joining tendril thickens until the drops merge.

The coalescence process relies on the ordinary attrac
interaction between molecules and does not require any
usually close approach or violent molecular motion, so th
is no singular behavior in the stress or other fields. Th
may, however, be relatively rapid motion as the drops re
range, so some local stress enhancement is possible. In
in these simulations there is little or no internal flow outsi
the coalescence region, and so the only appreciable s
occurs there, but with numerical values that are still o
O(1) ~in MD units!. A second aspect of coalescence stud
here was the time scale for healing of the interfacial regi
We first observe a relatively rapid relaxation of ‘‘singl
atom’’ statistics, such as density or mean-square displa
ment, to equilibrium values. The time scale for density var
st
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tions is understandable based on the fluid’s viscosity, and
behavior of atomic displacements is due to density and g
metric considerations. Although it is conceivable that t
slow relaxation times associated with polymeric fluids wou
yield a slower return to equilibrium for measurements
internal correlations and structure, we do not observe s
effects. Pair distribution functions and other probability d
tributions associated with molecular configurations retu
approximately to bulk values as rapidly as the density do
and there is no significant distinction in this regard betwe
the coalescence and bulk fluid regions. These results sup
the use of local equilibrium assumptions in applying co
tinuum modeling to nanoscale processes.
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